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1 Errors (󰂃) in OLS

In ordinary least square (OLS), we compute the squared errors against

the line (SEline) and let it take the minimum value. By the definition of SEline:

SEline =
n󰁛

i=1

[yi − (β0 + β1xi)]
2

Now we want to find the values β0 and β1, such that SEline takes the minimum

value. Therefore, we should have:

∂SEline

∂β0

= 0 , and
∂SEline

∂β1

= 0

Now, let’s first re-write SEline with respect to β0, i.e. using β0 as the variable:

SEline =
n󰁛

i=1

[y2i − 2yi(β0 + β1xi) + (β0 + β1xi)
2]

=
n󰁛

i=1

[y2i − 2yiβ0 − 2yiβ1xi + β2
0 + 2β0β1xi + β2

1x
2
i ]

=
n󰁛

i=1

[β2
0 + (2β1xi − 2yi)β0 + (y2i − 2yiβ1xi + β2

1x
2
i )]

Now we let
∂SEline

∂β0

= 0, we have:

∂SEline

∂β0

=
n󰁛

i=1

[2β0 + (2β1xi − 2yi)] = 0

Divide by 2 at both sides, we have:

n󰁛

i=1

(β0 + β1xi − yi) = 0 ⇒
n󰁛

i=1

(yi − β0 − β1xi) = 0

Note that by definition, 󰂃i = yi − β0 − β1xi. Therefore, we have:

n󰁛

i=1

(yi − β0 − β1xi) =
n󰁛

i=1

󰂃i = 0 (1)
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Similarly, re-write SEline with respect to β1, i.e. using β1 as the variable:

SEline =
n󰁛

i=1

[x2
iβ

2
1 + (2β0xi − 2xiyi)β1 + (y2i − 2yiβ0 + β2

0)]

Now, we let
∂SEline

∂β1

= 0, we have:

∂SEline

∂β1

=
n󰁛

i=1

(2x2
iβ1 + 2β0xi − 2xiyi) = 0

Divide by 2 at both sides, we have:

n󰁛

i=1

(x2
iβ1 + β0xi − xiyi) = 0 ⇒

n󰁛

i=1

(yi − β0 − xiβ1)xi = 0

Again, note that 󰂃i = yi − β0 − β1xi by definition. Therefore, we have:

n󰁛

i=1

(yi − β0 − xiβ1)xi =
n󰁛

i=1

xi󰂃i = 0 (2)

Equations (1) and (2) are very important properties in OLS. They are the con-

straints that used up two degree of freedoms.

2 SST = SSR + SSE

During the lecture, we demonstrated that for each observation, the total deviation

of yi from its mean ȳ consists of two parts: unexplained deviation due to error

and deviation explained by the regression line. That is:

yi − ȳ = (yi − ŷi) + (ŷi − ȳ)
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Once we collect the deviation for all observations and sum them up, we have:

SST =
n󰁛

i=1

(yi − ȳ)2

SSE =
n󰁛

i=1

(yi − ŷi)
2

SSR =
n󰁛

i=1

(ŷi − ȳ)2

We want to prove that SST = SSE + SSR.

Proof. We start with:

SST =
n󰁛

i=1

(yi − ȳ)2 =
n󰁛

i=1

[(yi − ŷi) + (ŷi − ȳ)]2

=
n󰁛

i=1

[(yi − ŷi)
2 + (ŷi − ȳ)2 + 2(yi − ŷi)(ŷi − ȳ)]

=
n󰁛

i=1

(yi − ŷi)
2 + (ŷi − ȳ)2 + 2

n󰁛

i=1

(yi − ŷi)(ŷi − ȳ)

= SSE + SSR + 2
n󰁛

i=1

(yi − ŷi)(ŷi − ȳ)

Now we only need to prove that
󰁓n

i=1(yi − ŷi)(ŷi − ȳ) = 0. Expand the terms, we

have:

n󰁛

i=1

(yi − ŷi)(ŷi − ȳ) =
n󰁛

i=1

(yi − β0 − β1xi)(β0 + β1xi − ȳ)

=
n󰁛

i=1

[(yi − β0 − β1xi)(β0 − ȳ) + (yi − β0 − β1xi)β1xi]

=
n󰁛

i=1

(yi − β0 − β1xi)(β0 − ȳ) +
n󰁛

i=1

(yi − β0 − β1xi)β1xi

= (β0 − ȳ)
n󰁛

i=1

(yi − β0 − β1xi) + β1

n󰁛

i=1

(yi − β0 − β1xi)xi

Note that under the assumptions of OLS, both red terms are 0 according to equa-

tions (1) and (2).
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