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The Normal (Gaussian) PDF
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The Standard Normal (Gaussian) PDF

1 22
Standard Normal Distribution: N (0,1): fx(z) = ez
V2T
f x (x)
Fx(z)
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General Normal Distribution: N(u,0?): fx(z) = =8 =

2/14



The Normal (Gaussian) PDF

We have the random variable X ~ N (y,02). Now consider the following
random variable:

Y = aX + b, where a and b are constant

e What distribution does Y follow? Y ~ N(ap+b,a*c?)
e E[Y]=7 Property: A linear function of a

o Var(Y) =7 normal r.v. is also a normal r.v.
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The Normal (Gaussian) PDF

We have the random variable X ~ A (1,02). Now consider the following
random variable:

e What distribution does Z follow?
e E[Z]=7
o Var(Z) =7

Z ~N(0,1)
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The Normal (Gaussian) PDF

Given that X and Y are two independent normal random variables, and
X ~ N(pz,02) and Y ~ N (py,07), now consider the new random variable:

W=X+Y
NT. 2 2,
e What distribution does W follow? W~ Npe + py, 05 + 0y)
e E[W]=7 Property: the sum of
o Var(W) =7 independent normal random

variables is still normal.
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Properties of normal PDFs
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The Empirical Rule
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Normal Distribution in real life

TABLE 1: Chest measurement of Scottish soldiers

e Commonly observed in many natural phenomena: Girth Frequency
o . 33 3
height, weight, blood pressure, chest measurements of o -
Scottish soldiers, etc. 35 81
36 185

- 37 420

38 749

e Noise or Error. 39 1,073
40 1,079

- 41 934

42 658

e Sum of many random variables. 43 370
44 92

- 45 50

46 21

e Sample mean. ZZ i
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Probability Calculation

*(Ju w?
T 202 dx
271'0

The solution is non-elementary!
Note: we know P(a < X <b) =Fx(b) —Fx(a)
and if X ~ N (u,0?), then Z£ ~ N(0,1)
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Pre-computed table to the rescue!
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Examples of the Standard Normal Table

b opendcARGELE A TABLE A.2 Cumulative normal distribution (continued)
TABLE 4.3

Areos in the upper ol ofthe standard normal disiribuion

S 00 001 002 003 004 005 006 007 005 009

00 0500 0496 0492 043 0484 0480 0476 0472 0468 0464
01 0460 0456 0452 0448 0444 0440 0436 0433 0429 0425

02 0421 0417 0413 0409 0405 0.0l 0386 Z 000 001 002 003 004 005 006 007 008 009
03 0382 038 037 0371 0367 0363 0348

00 [ s000 5040 5120 5160 S199 239 5279 5319 5359

R i (354 0330, 0326 22 1| w8 3438 5517 35S ss96 5636 675 574 5753

05 0309 0305 o 295 0291 0278 02| 593 832 910 548 5987, 6026 6064 6103 61l

05 o ok o ome oms om Q| zm owm own osn e aw am me an e

0 G e (el e e s 04| 655 6501 6661 6100 6736 672 6808 6344 6819

08 0212 0209 0.187 05| 6015 650 019 705 7088 7123 7157 7190 7204

09 0184 o 06 | 257 791 757 780 14} 454 7486 1517 T549

el glot 07| 7580 7611 7673 704 734 760 7194 T3 782

0159 0156 0138 08| 7881 7910 7967 7995 8023 8051 8078 8105 8133

0136 0133 on7 09| 8159 8186 5238 B89 ®Is 830 365 839

0115 0113 009 10| 83 sazs 8085 8508 831 EsS 8577 8599 8621

0097 0095 0082 11 613 8 508 829 8149 870 879 8810 8830

0081 0068 2 889 8869 8907 8925 8962 8080 8997 90L

13 S0%2 90 5082 o1Is 9131 9147 9162 9177

0067 0066 0056 14| o102 9207 236 951 965 9279 922 9306 9319

b by 0046 15| 92 o35 9370 932 9394 9406 9418 9429 944l

j0.037, 16| 9452 946 9484 9495 9505 9515 9525 9535 9545

0036 0035 0029 17 | 9554 9564 9582 9591 9599 9608 9616 9625 9633

0029 0028 0023 18| el 96t 9661 9671 9678 96% 9693 9699 9706

Bt o s 19| 973 om0 72 918 9744 970 916 961 967

0018 0017 0014 20| 9m 977 9788 9793 9798 9803 9808 9812 9817

0014 0014 o 21| om1 o6 9834 ORI oB2 986 980 9854 9857

22| o861 9871 9&Ts OF78 9831 9884 9BRT 980

om oslo. ooio 4ol 000 oo SRR R o

; 0006 24| 9018 9925 927 999 9931 9932 9934 9936

25 0006 0006 0006 0006 0006 0005 0005 0005 0005 0005 25| 9938 9940 9043 9945 9946 9948 9949 9951 9952

26 0005 0005 0004 0004 0004 0004 0004 0004 0004 0004 26| 9953 9955 9957 9959 9960 9961 9962 9963 9964

27 0003 0003 0003 0003 0003 0003 0003 0003 0003 0003 27| 995 996 $968 9960 9970 90T 9oT2 9973 994

28 0003 002 0002 0002 0002 0002 0002 0002 0002 0002 23(.990 908 W16 95 SN S8 31 S99 S0 e

29 0002 0002 0002 0002 0002 002 0002 0001 0001 0001 291 N ET S92 908 D4 %4 9%65: ks 9%%6. 56

30| 9987 9987 9987 0985 9988 9989 9989 9989 9990 9990

OISO RO I, 0001 001 0001 0001 000 31| 0990 9901 9991 9991 oo 9992 999 9992 9993 9993

. 001 0001 0001 0001 0001 0001 0001 32| 9993 9993 9994 9994 9994 9994 9994 9995 9995 9995

32 0001 0001 0001 0001 0001 0001 0001 0001 0001 0001 33| 9995 9995 9995 9996 9996 9996 999G 9996 9996 9997

33 0.000 0000 0000 0000 0000 0. 0,000 0.000 34| 9997 9997 9997 9997 9997 9997 9997 9997 9997 999§

340000 0000 0000 0000 0000 0000 0000 0000 0000 0000 35| 9008 9998 9098 9998 9998 9998 9998 9995 9998 9998

36| %98 9008 9099 9990 9999 9999 0999 9999 9999 9999
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Example: Exam Scores

0.03 &
p =100, o2 = 152

P(X > 140) = ?
2
2 0021 P (130 < X < 140) = ?
o)
>
;;
3 ! X - 140 — 100
S 0.01 7 _ o = 2.67
o o 15

X —p 130 — 100

o 15

40 60 80 100 120 140 160

Score
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A Historical Fact About The First Standard Normal Table

/” 2 4y F(z) x3+$5 :p7+:n9
_= B = 3 — —= —_— — Y
- 113" 215 317 " 419

< e o 1 1 1.3 1-3.5 1-3-5-7
/w =G = ot T 8T T o8

e Large gaps between F'(x) and G(x)

e First computed by the French astronomer Christian Kramp in 1799.

e Analyse des Réfractions Astronomiques et Terrestres (Analysis of Astronomical
and Terrestrial Refractions)
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The Table by Christian Kramp

F——— INTEGRALES DE e~ dr INTEGRATIES DE e 't dt
. Intégrale, Diffiprem. 1. | Diff I 1 Tntégrate. Dilf: prem. | Diff. 1. .\ Dif. 7L DTV,
- 0,76 0,2503265 556981 21 0.00042311518 | 218632 72, 191
TABLE PREMIERE. o7 | ongars6rs | S5y % o.00n401z515y | 20035 v
5 0,78 | 0,23927203 29 0,000380 44655 | 1979463 485 | 177
Intégrales de e=1t dt, depuis une valeur 0,79 [ 023387223 31 /000360651 1882925 4173 | a7z
3 < L s 0,80 | 0,20855708 33 0,0003418226; 002 | 16.
quelconque de t jusqu'a t infinie. 0,81 | 0,20332629 3 mmslsg,asé ?:SJ!‘ o
0,82 | o,ar8r7953 39 0,00030688808 3678 | 152
0,83 | 021311653 i ©,0002070009 3526 | 148
0,84 | ©0,20813686 45 3378 | 142
¢ Intigrale. Diff. prem. | Diff. IL” | Diff. 111, 0,85 3 5 46 0,00026060 36 | 137
0,00 999968 | gor | 199 0,86 50 0.0002465046: 3099 | 181
0,01 999767 | 400 | 199 0,87 | ©0,19369390 50 0,00023360989 29638 | 138
0,02 999367 | 399-| =200 0:88 [ 0,18904345 54 0,00022107873 2830 | 141
0,03 998768 | 799 | ron 089 | 018447413 56 0,00020918015 2749 | 139
0,04 997969 [ 998 | 197 0390 58 0,00010788447 2570 | 142
0,05 996971 | 1195 | 199 0.91 61 0,00018716339 2408 | 118
0,06 995776 | 1394 | 196 0,92 62 000017693942 2380 | 105
o 8 994382 1 1500 | 195 0,93 65 6 2075 | 1ot
0,08 992792 0504 66 0,00015818073 2174 | 95
0,09 | 0,79646932 | 991007 0.95 67 ,Gonlr|q1<7723 2079 | o4
.10 | 0,78655925 | 989028 0.96 et 1985 | 88
0,11 | 0,77666807 | 986854 0:97 70 00 n:m 1897 | 85
0,12 | 0,76680043 | 984488 0,08 74 0,00012606000 1812 83
0513 | 0,75695555 | 981932 0,09 74 0,00011904937 1729 78
014 | 074713623 | 979187 1,00 75 0,00011240727 1651 76
0515 o,,3~$;436 976254 0T 77 0,000106 11558 1575 [ 71
0,16 973135 1,02 8o 0,00010015701 1504 70
017 969832 503 78 0,00009451505 1434 | 67
0518 966346 1,04 8r 000008917395 1367 64
0,19 962680 To5 | o,12191283 81 0,00008411867 1303 | 59
0,20 958839 1,06 [ 0,11862716 83 0,00007933487 1244 | 6o
0,21 954820 T07 [ 011541041 | 83 2,78 | 0,00007480888 1184 | 56
0,22 | 0,66972530 | 950628 108 [ o,r1206177 | 85 2,79 | ©,00007052767 1128 1 5
0,23 |l0,6G02a1g0a 046265 1,09 0510918041 85 2,80 | 0,00006647880 1075 51
0.24 | 065075637 | 941734 1,10 | 0510616550 86 281 | 0,00006265043 024 | 49
0,25 | 0,64133003 | g37037 11 | o,10321619 85 2,82 | 0,00005903128 975 | 48
0,26 | 0,63196866 | 932177 512 [ ©0,10033163 88 2:83 | 0,00005561060 92 43
0,27 | 0,62264689 | go7157 1,13 | 0,09751006 87 2:84 | 0,00005237815 884 | 45
0,28 | 0,61337532 | 929080 I14 | 000475333 89 2:85 | 0,00004932418 839 | 39
529 | 0:60415552 | 916648 L5 | 0,09205786 87 2,86 | 0,00004643042 800 | 40
0,30 ['0,50498004 011165 1,16 [ 0,08042368 89 2,87 | 0,00004371503 760 | 38
0,31 | 0,58587739 | 905533 1,17 | 0,08684990 89 2,88 | 0.00004174262 722 | 34
Lorse | 057683206 | Sgmne, 118 | 008433565 89 289 | 0,00003871419 688 | 36 13/14




Probability Mass/Density Function (PMF/PDF)

Sample Space Random variable X PMF P x or PDF £ x
W e—— P x(z1) or £x(x1) dy
X(wg = SEQ) D2
w9 @ xI9 d
P x(x2) or fx(z2) 2
w3 e——__| X(w3 = $3)
p3
o :L‘:)) d
Wy e— | X(w4 _ P x(x3) or fx(x3) 3
\W
b4
W5 @ T4
X (w5 = o4) L Px(@)orfx(zy) U
x
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